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Abstract 

We investigate further the recent proposal for the form of the Matrix theory action in 
weak background fields. We perform DVV reduction to the multiple DO-brane action in 
order to find the Matrix string theory action for multiple fundamental strings in curved 
but weak NS-NS and R-R backgrounds. This matrix sigma model gives a definite 
prescription on how to deal with R-R fields with an explicit spacetime dependence in 
Type II string theory. We do this both via the 9 — 11 flip and the chain of T and S 
dualities, and further check on their equivalence explicitly. In order to do so, we also 
discuss the implementation of S-duality in the operators of the 2-dimensional world- 
volume supersymmetric gauge theory describing the Type IIB .D-string. We compare 
the result to the known Green-Schwarz sigma model action (for one string), and use 
this comparison in order to discuss about possible, non-linear background curvature 
corrections to the Matrix string action (involving many strings), and therefore to the 
Matrix theory action. We illustrate the nonabelian character of our action with an 
example involving multiple fundamental strings in a non-trivial R-R flux, where the 
strings are polarized into a noncommutative configuration. This corresponds to a 
dielectric type of effect on fundamental strings. 
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1 Introduction 



The five known superstring theories as well as the low-energy 11-dimensional supergravity 
are known to be related through a web of dualities, and it is believed that all these theories 
are simply different limits of an underlying 11-dimensional quantum theory known as M- 
theory, whose fundamental degrees of freedom are as yet unknown, but that can be defined 
as the strong coupling limit of Type IIA string theory [[l], |2] . Let us first recall that M-theory 
compactified on a circle is described by Type IIA string theory at finite string coupling. It 
is by now a well known conjecture that M-theory compactified on a lightlike circle admits a 
nonperturbative description in terms of the degrees of freedom of a collection of DO-branes 

IJJJJ,!. 

Matrix theory encodes a great deal of information about the structure of both M-theory 
and 11-dimensional supergravity (some reviews are |^, [T(| [TTj] ) . One knows how to identify 
supergravitons, membranes and fivebranes in Matrix theory j|, |5], 12fl , and the interactions 
between these objects in Matrix theory have been found to agree with supergravity in a 



variety of situations. In particular, for general Matrix configurations, it was shown in [13, 14 



that the supergravity potential between an arbitrary pair of M-theory objects arising from 
the exchange of quanta with zero longitudinal momentum is exactly reproduced by terms in 
the one-loop Matrix theory potential. These results were also used to describe a formulation 
of Matrix theory in a general metric and 3-form background, via a matrix sigma model type 
of action [|14[]. Such matrix sigma model actions had also been advocated for earlier in ||15|| . 
A different type of approach to the 3-form background is, e.g. |TS| . 

A question that naturally arises is that if we have a formulation of Matrix theory in curved 
background fields, that should somehow yield a matrix formulation of Type II string theory 
in curved background fields, and in particular in the presence of R-R fields. Moreover, due 
to the second quantized nature of the Matrix theory formalism, we should be able to obtain 
in this way a description of multiple interacting strings in both NS-NS and R-R curved 
backgrounds. This would be quite interesting, as even for a single fundamental superstring 
the action in a general background including arbitrary R-R fields is not yet well understood. 

Due to the relation between Type IIA string theory and M-theory, it is possible to 
construct a matrix theory formulation of superstring theory which is known as matrix string 
theory |L7|, [18], |2(], |2~lJ . Such a formulation is achieved once one understands toroidal 
compactifications of Matrix theory ||22|| , for then the particular case of the S 1 compactification 
will lead to the matrix formulation of the Type IIA superstring - as M-theory compactified 
on a circle yields the IIA theory, where the IIA string is obtained from the wrapped M2- 
brane [P^j . Recall that this matrix string theory is a supersymmetric gauge theory that not 
only contains all of the DLCQ IIA superstring theory, but also contains extra degrees of 
freedom which represent nonperturbative objects in string theory. These nonperturbative 
degrees of freedom represent the inclusion of D-brane states, and also give us a prescription 
to include nonperturbative corrections in calculations of diverse processes in perturbative 
string theory. 
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Because we know a great deal about Type IIA string theory, matrix string theory is 
a very good laboratory to test Matrix theory. Of course ideally we would like to have 
a microscopic definition of M-theory which would be covariant and defined in arbitrarily 
curved backgrounds. But due to the nonabelian character of the theory such is not an easy 
goal. Information from the abelian limit of the theory may then prove to be of great value in 
trying to deal with such issues, and a precious source of information on this abelian limit is 
undoubtably the Type II theory. In flat space the matrix string theory action has been lifted 
from the cylinder to its branched coverings and a precise connection with the Green-Schwarz 



action in light-cone gauge has been achieved p4| , [25] , [26| , [27] , |2q , |29|| , with the interesting 
result that the full moduli space of the IIA theory is recovered within matrix string theory 
only in the large N limit. Scattering amplitudes have been reproduced within the matrix 



string formalism in 0, |3T]], for reviews on several issues see [21], More recently, the issue 
of a spacetime covariant formulation of matrix string theory has been addressed in but 
this is a matter which is far from settled. 

This paper concerns the generalization of matrix string theory when in the presence of 
weakly curved background fields. In particular, we want to address the question of how 
to describe multiple interacting strings in NS-NS and R-R curved backgrounds. Indeed, 
because it is known how to describe the linear couplings of Matrix theory to a curved 11- 
dimensional background, we shall also be able to find the linear couplings of matrix string 
theory to a curved 10-dimensional background. This could be of great interest not only 
in trying to improve our knowledge of string theory in R-R backgrounds, but also when 
comparing to the IIA theory in the abelian limit we could expect for new information on 
how to construct Matrix theory in a general curved background. In summary, we are looking 
for a matrix string sigma model type of action, 

S = h I dadT ^H A (X)I^ + 0(X)^ + B, V {X)I^ + B, vXpaT {X)I^ 

+C i1 (X)Iq + C^ u \ paT ^(X)lQ UXpcrT ^ + C tlu \(X)l2 UX + C pu \ pa (X)I^ uXpcr ), (1) 

and we shall precisely explain in this paper how to construct this action by specifying both the 
/ tensor couplings as well as the inclusion of spacetime dependence in the (weak) background 
fields. The explicit form of all these tensor couplings is presented in section 4.2. 

We shall begin in section 2 with a brief review of the work done for the case of Matrix 



theory in weak background fields [13], [L4|, [34], p5| . We shall recall that there is a definite 



proposal on how to supplement the flat space Matrix action with linear couplings between 
the background fields - the supergraviton, the membrane and the fivebrane - and the re- 
spective Matrix descriptions for the supergravity stress-energy tensor, membrane current 
and fivebrane current. Moreover we shall also recall that through the Sen-Seiberg limiting 
procedure, this action can be reduced to an action for multiple Z)0-branes in weakly curved 
Type IIA background fields. By T-duality this can be extended to any Type II D-brane. 
Then, in section 3 we present a brief review of the Dijkgraaf-Verlinde-Verlinde (DVV) re- 
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duction of Matrix theory to matrix string theory [n|, via both the so-called 9 — 11 flip 
and also the T-S-T chain of dualities. This will be of fundamental use in the sections that 
follows, as we shall be generalizing that procedure to the curved background situation. 

In the following sections we perform the DVV reduction to the multiple .DO-brane action 
in order to find the matrix string theory action for multiple fundamental strings in curved 
but weak NS-NS and R-R backgrounds. As we just said, this is a generalization of the 
work by DVV. These sections deals with a great deal of algebra, and we will be schematic 
in presenting our results. The matrix sigma model obtained in this way gives a definite 
prescription on how to deal with R-R fields with an explicit spacetime dependence in Type 
II string theory. Due to the nonabelian nature of the action, it also gives a second quantized 
description of Type II string theory in such backgrounds. We shall obtain the matrix string 
sigma model both via the 9 — 11 flip (described in section 4) and the chain of T and S 
dualities (described in section 5), and further check their equivalence explicitly by obtaining 
the same results in both cases. In order to do so, we will need to discuss in section 5 the 
implementation of 5-duality in the composite operators of the 2-dimensional world-volume 
supersymmetric gauge theory describing the Type IIB D-string. We shall obtain the S- 
duality transformations for the world-volume fields from the equivalence with the 9 — 11 flip, 
and we shall see that these transformation properties are indeed quite simple, as should be 
expected. 

In section 6 we compare the result to the known Green-Schwarz sigma model action (for 
one string) |36[]. This is done by extracting the free string limit (the IR limit of the gauge 
theory) of the matrix string theory action. This will be a qualitative match only, as we shall 
not construct the precise lifting of the matrix string action to the Green-Schwarz action. We 
then use this comparison in order to discuss about possible, non-linear background curvature 
corrections to the matrix string action (involving many strings), and therefore to the Matrix 
theory action. Again this is a qualitative analysis, but it gives us further insight into the goal 
of constructing Matrix theory in arbitrary curved backgrounds. Then, in section 7, we briefly 
discuss the exponentiation of the noncommutative vertex operators we obtained in order to 
build coherent states of fundamental strings and so obtain the full non-linear matrix string 
sigma model. As such a construction is not clear at this stage, we turn to an illustration of the 
nonabelian character of our action with an example, namely multiple fundamental strings 
in a non-trivial R-R flux, where the strings are polarized into nonabelian configurations 
due to the background field. This means that Myers' dielectric effect for D-branes has an 
analogue for fundamental strings. We also speculate on a possible relation between this 
effect and string theory noncommutative background geometries, where this could provide a 
very interesting example of target space noncommutativity in the presence of R-R fields (as 
opposed to recent discussions of world-volume noncommutativity in the presence of NS-NS 
fields, e.g., [lCj, [H], [38], |39], |4"0fl). We conclude in section 8 with some open problems for future 
research. 
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2 Matrix Theory in Weakly Curved Backgrounds 



We begin with a short review of the results obtained for Matrix theory in weakly curved 



background fields [|T^, [TJj], and also for the action of multiple Z)0-branes in weak Type IIA 
backgrounds P3 as well as for the action of multiple Z)p-branes in Type II weak background 
fields pa. 



2.1 Results for Matrix Theory 



In this section we briefly review the results in |fL3| , |i4| dealing with the construction of a 
Matrix theory action in weak M-theory backgrounds. As we shall see, due to the 9 — 11 
flip in the DVV construction of matrix string theory, we will have particular interest in the 
tensors that appear in this Matrix theory action. 

The proposal in question actually concerns the terms in the action of Matrix theory which 
are linear in the background fields |T4|]. If we consider a general Matrix theory background, 
with metric gu = rjjj + hjj and 3-form field Auk, then the linear effects of this background 
can be described by supplementing the flat space Matrix theory action, 



Smat = JljdtTr I X - DtX'DtX* - i £[X\ X>f - l -QD t Q + \&f[X u 9] ] , (2) 
with additional linear coupling terms of the form, 



r 00 11 

J n=0 h,...,i n n - 1 

+M UKLMN{ir-i n ) d ^ . . . d in A IJKLMN (0) + Fermionic Terms}, (3) 
where A is the dual 6-form field which satisfies at linear order, 



dA = * dA. 



(4) 



The previous matrix expressions T IJl - n "' ln \ j IJK ( l i- l «) and M IJKLMN( - n "" ln) are the Matrix 
theory forms of the multipole moments of the stress-energy tensor, membrane current and 
5-brane current of 11-dimensional supergravity. Explicit forms for the bosonic parts of these 



moments were first given in [13], and those results were later extended to quadratic fermionic 



arc 



terms (and also some quartic fermionic terms) in [Q. The complete results in |L3], [14 
reproduced in the Appendix. 

With these definitions the previous expressions yield a formulation of Matrix theory 
in a weak background metric to first order in hjj, the 3-form Auk, and all their higher 



derivatives. It was moreover argued in |14| that if the Matrix theory conjecture is true 
in flat space, then this formulation must be correct at least to order 0{d i h, eft A). It was 
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also conjectured in that paper that this form may work to all orders in derivatives of the 
background fields, and in a general background. One should observe however that it is not 
known how to incorporate dependence of the background on the compact coordinate X~. 



2.2 Results for Multiple D— branes 

We proceed by reviewing how the previous results can be used to construct actions for 



multiple .DO-branes |34| and in general for multiple Dp-branes |35| in Type II string theory, 
in the approximation of weak background fields. Of particular interest to our goal in this 
paper is the case of the .DO-brane action, due to the duality sequence in the DVV construction 
of matrix string theory and its associated 9 — 11 flip. 

To start, we shall recall from pi how one obtains the action for multiple DO-branes in 



background fields, as this will later prove its interest when we try to do the same for the 
matrix string action. We begin with M-theory on a background metric, gu = rjjj + hu, in a 
frame where there is a compact coordinate X~ of size R, which becomes lightlike in the flat 
space limit, gu — > r]ij. From the Sen-Seiberg limit J7], |3| we know that this theory can be 
described as a limit of a family of spacelike compactified theories. If we define an M-theory 
with background metric g~u = rju + hjj, in a frame with a spacelike compact coordinate X 11 
of size Ru, then the DLCQ limit of the original M-theory is found by boosting the M-theory 
along X 11 , and then taking the limit Ru — > 0. Knowing the boost we can trivially Lorentz 
relate the metric gu in the M-theory with the metric gu in the M-theory. Moreover, in 
the DLCQ description the M-theory is in light-cone coordinates, X ± = ±X n ), and 

so it is easy to relate the metric gu to the light-cone metric gu. 

Of course our final goal is more than we have just obtained. We would like to relate 
the Type IIA string theory background fields to the DLCQ M-theory ones. But this is now 
straightforward. M-theory on a small spacelike circle of radius Ru is known to be equivalent 
to Type IIA string theory with background fields given to leading order by, 
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11 11; 



— tin /i) 

3 r 



^iiii- (5) 

All we have left to do is to relate the hu metric to the hu one through the previously 
explained procedure. In order to describe nontrivial background antisymmetric tensor fields, 
one should also include the connections between the IIA background fields and the M-theory 
background 3-form field. The action for multiple D0-branes can now be obtained by direct 
comparison with the one for Matrix theory just described in the previous subsection. Indeed 



34], one can first write the DO-brane action in terms of some unknown quantities coupling 



to the background fields. These quantities will be denoted by I x and will couple linearly to 
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each of the background fields, so that to leading order the action for N .DO-branes is written 
as: 



f °° 1 1 k k 

SDQ-branes = S F l at + J tft £ ~ ' ' ' ^K^/iU Kfc" * " + (^fcl ' ' ' ^fc„ 



„ 

n=0 

T fi{k\—kn) 1 fa a r* \ T iw\p(TT£(kx—kn) 



+ (dk! ■ ■ ■ dk n Cfj,) Iq 1 ™ + (d kl ■ ■ ■ df^C^xpar^Ie 1 

+ (d kl ■ ■ ■ d kn B, u )I^-^ + (d kl ■ ■ ■ dkj^)!^^^ 

+ (d kl ■ ■ ■ d kn c, vX )iT Kkl - kn) + (d kl ■ ■ ■ d kn c, vXp M vXp(T{kl ''' kn) }- (6) 



Replacing in this action the background fields of the Type IIA string theory by the 
background fields of DLCQ M-theory according to the previous relations, one can then 
compare the previous action for .DO-branes to the Matrix theory action and deduce the 
expressions for the string theory couplings I x . These are [33J: 



I° h ° = T++ + T+- + (J°°) 8 + 0(X 12 ), 
= T +i + T~ { + 0{X 10 ), 

h = T ++ - \(T+- + T u ) + (Qs + 0(X 12 ), 

If = 3J + -' 1 + 0(X 8 ), 

pi = 3J +ij - 3J- lj + 0(X 10 ), 

TO _ rp + + 

1 o — 1 ? 

ji rp+i 

1 Q — 1 ) 

joij = j+ij + (X 10 ), 

pj k = j^ + c(x 8 ), 

jOijki = 6M +-^ + C )(x 8 ), 

jijklm = _ QM -ijklm + 0( X 10 ), 
jOijklmn g+ijklmn _|_ (^J^ 10 ^ 

jijklmnp gijklmnp _|_ £}^J^1 2 ^ (y^j 

By T-duality of background supergravity fields and T-duality of world-volume fields, the 
previous action for N DO-branes can be transformed into an action for N Type II Dp- 



branes, as was discussed in Pq| . This also allows for a discussion of nonabelian terms in 
the Born-Infeld action. For further discussion we refer the reader to the original references 
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3 Matrix String Theory 



According to the DVV formulation of matrix string theory [[HJ, one can reduce the Matrix 
theory action to an action for IIA matrix strings in two different ways. One way is by 
performing the so-called 9—11 flip, where one exchanges the role of the 9 th and 11 th directions 
of M-theory. Another way is via a set of dualities on the background fields. Moreover, the 
coordinate flip should clearly be equivalent to this specific chain of dualities. In here, one 
starts by T-dualizing and then takes an S— duality followed by another T-duality. The 
starting point is the Type IIA theory, with Nn yielding the T>-particle number. After the 
T-duality along R^ IA one reaches Type IIB, where Nn now equals the Z)-string number. 
The Type IIB S— duality leads to Nn equaling the T-string number, and the final T-duality 
along R^ IB leads back to Type IIA, with Nn now being equal to the T-string momenta. 

In order to see that this exactly matches the simple 9 — 11 flip on the compact coordinates, 
let us follow these dualities with a slightly greater detail |19| . If we compactify M-theory 



on S^ g x S) ill , with Rn the spacelike compact direction which becomes lightlike in the 
Sen-Seiberg limit, we will have the parameters, 

Rn = 9st s , 4 = 9 A, (8) 

and also Rg for the remaining spacelike compact direction. The 9 — 11 flip simply leads to 
the IIA theory with parameters, 

R 9 = g%, 4 = g'f s , (9) 

where now the remaining spacelike compact direction is Rn- On the other hand, given our 
starting point and T-dualizing along R^ IA , one obtains the following Type IIB parameters, 



iib = _J^_ iia = _J^_ Rn Rn_ (1Q) 

Us tdIIA Us rill A (i oil A ' 1 1 J ' 

-Tig Jig fx -Tlq 



jdIIB _ a _ 

U 9 — U H A ~ oil A' \ Ll ) 



A further IIB ^-duality leads to 



RF A 

9l IB Ri 



9'1 IB = T7W = ^ (12) 



■otIIB _ 1 r?IIB _ ( R n \ __ n „N 



In the expressions above for the radius, recall that under T-duality it is the Einstein frame 
metric that is invariant. The string frame metric gets transformed with a g s factor. Finally, 
we finish the chain of dualities by T-dualizing back to the IIA theory along R'g IB ■ We end 
up with the parameters, 
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ill A Is iIIB _ -^9 /-. ,x 

9 s — ftiHB 9 s — ~i l i4 J 

IIA 

R 9 = d/IIB = ^H' ( 15 ) 
rC 9 

which are exactly the same as the ones obtained via the 9 — 11 flip. 

Given that, as we have just seen, the chain of dualities is equivalent to the 9 — 11 flip, 
we shall now obtain the matrix string action from the Matrix action by following the most 
straightforward path, i.e., we shall simply perform the flip to the Matrix theory action |[L9| . 
With the dimensionfull parameters made explicit, in order to produce the correct dimensions 
for the fields, the Matrix action in a flat background is written as, 



with R = 2n£p and Mp is the Planck mass. 

We further consider the theory compactified along the 9 th direction. Therefore, defining 
9 = if~> one ^dualizes according to the standard procedure and obtains: 



J 2nR 9 Jo 2R 2R 8tt z ^ 

-^f(2nar(D £ Xr + ^9 T 9 - ^fe%[X\ 9} - i^f(2na')9 T l9 D & e). 



The implementation of the 9 — 11 flip is quite simple, as one just has to notice the change 
in parameters so that -R9 = g s £ s and Rg = y. Consequently, 



One can rescale the world-sheet coordinates, from (x,t) to (a, r), such that < o < 2n 
and so that the coordinates on the cylinder become dimensionless. For that one changes 
x = —a (and therefore D% = ^-D []). We also have to rescale time on the world-sheet 

t = -^r. Moreover, we shall deal with dimensionless background target fields such that they 
will be measured in string units, i.e., rescale (X, 9) to (£ S X,£ S 9). All this done, we are left 
with the rescaled action, 



throughout, derivatives with no explicit subscript shall refer to the cylinder world-sheet index a, i.e. 
D = D a and d = d a . 
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S' = j- [ drda Tr + 2n 2 g 2 s A 2 + -L- J^[X\ X>f 

~(DXr + -^-9 T 9 - -^—9^,9] - j^9 T l9 D9). 

In order to cast this action into a more familiar looking one, we simply have to perform one 
further rescaling of the background fermions, 9 — > y/4nRg9, and change the notation for the 
string coupling constant as g s — » I s -. Then the 9 — 11 flip is concluded and we have obtained 
the DVV reduction of the Matrix theory action, 

+i {e T e - 9 T l9 D9) - -9 T lt [X\9]). (17) 

9s 

This action is second quantized in the sense that it describes multiple interacting strings. 
One can further consider the special case of free strings, recovered in the infra-red limit 
with g s = 0. In this limit the above two dimensional gauge theory becomes strongly coupled 
- as the Yang-Mills gauge coupling is related to the string coupling as gvM ~ - — and a 



non-trivial conformal field theory will describe the IR fixed point [19]. One can observe that 
in this limit, g s — >• 0, the world-sheet gauge field drops out, and moreover all matrices are 
diagonalized, i.e., they will commute, 

[X*,X j ] = 0, [X\9}=0. (18) 

In this conformal field theory limit the previous Matrix string action reduces to, 

S = J drda Q(<VT) 2 + ^V<V) , (19) 

where {/i} are world-sheet indices. This action can be exactly mapped to the light-cone 
Green-Schwarz action for the Type II superstring |24|, ^5], ^7|, [28| . 



We have gone through a lengthy review of the DVV reduction, in order to set pace 
and notation for the section that follows. In there, we shall follow the same procedure 
applied to the full set of multipole moments of the 11-dimensional supercurrents for the 
stress tensor T IJ , membrane current J IJK and fivebrane current M IJKLMN . These "DVV 
reduced" tensors will be the basis for the matrix string theory action in a weakly curved 
background. 



4 Reduction via the 9—11 Flip 

In order to write down the matrix string theory action in weak background fields, one needs 
to know the DVV reduction of the Matrix theory stress tensor, membrane current and 5- 
brane current. This should be clear from the fact that the matrix string theory action is 
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obtained via a DVV reduction of the Matrix theory action (as explained in the previous 
section) , and the fact that in weak background fields the Matrix theory action is constructed 
precisely with the use of these tensors and currents (as explained in section 2, in particular in 
expression ([3])). We will begin in here by applying the DVV reduction using the 9 — 11 flip, 
just as described previously. Later, we shall look at the sequence of dualities, and compare 
both procedures. 

Let us start by specifying the conventions for the following of this section. Time deriva- 
tives are taken with respect to Minkowski time t. All expressions have been written in a 
gauge with Aq = 0. Gauge invariance can be restored by replacing X with D t X. Indices 
i,j, . . ., run from 1 through 9, while indices a,b, . . ., run from through 9. In these expres- 
sions we use the definitions = X 1 , Fij = iLY^X 7 ]. A Matrix form for the transverse 
5-brane current components M + * jfcZm , n is as yet unknown. There are also fermionic 

components of the supercurrent which couple to background fermion fields in the supergrav- 
ity theory. We will not discuss these couplings in this paper, but the Matrix theory form of 



the currents is determined in [14]. Moreover, there is also a 6-brane current appearing in 



Matrix theory related to nontrivial 11-dimensional background metrics. 
4.1 Matrix Theory Tensors 

We shall briefly describe the DVV reduction of the first component of the stress tensor, 
referring the specifics to the full description in the previous section. Then, we shall simply 
present the results for the other components in a schematic form (in the Appendix). 
The zeroth moment of the T ++ component of the Matrix stress tensor is given by, 

T++ = ^STr (1) , (20) 
R 

where STY indicates a trace which is symmetrized over all orderings of terms of the forms 
F a b, 9 and [X 1 , 6}. We shall denote by the same name, T ++ , the time integrated component 
which appears in the curved Matrix theory action. It is to this integrated term that we will 
apply the DVV reduction. In this term there is no need to introduce explicit dimensionfull 
parameters - there are no background fields - but we shall do it automatically in all the 
following terms, just as we did for the Matrix theory action in the previous section. As 
the theory is further compactified along the 9 th direction, we T-dualize to obtain, after the 
9-11 flip, 

dt dx STY (1) . (21) 



R 2ir£ s Jo 

Rescaling of world-sheet coordinates, background fields, and coupling constants (most of 
them trivial for this component), we are left with the final result, 

T++ = i( t Rlh dTS ' 11 ^- (22 > 
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Moreover, we shall later be interested in the conformal field theory limit of these tensors. 
So, we further observe that the free string limit can be easily taken as, 



lim T ++ = T++. (23) 

We can proceed along the same line for the following components. The zeroth moment 
of the T +l component of the Matrix stress tensor is given by, 

T+* = isTr (Xi) . (24) 
Under T-duality for the 9 — 11 flip, one obtains for % ^ 9, 

T +i = [ dt -J-t^t dx STr (Xi) . (25) 



R 2n£ s Jo 

After the needed rescalings of world-sheet coordinates, background fields, and coupling con 
stants, we are left with the final result, 



T+l = h (I) / dodT STr (*) • (26) 



As to the free string limit, it can be taken as, 



lim T +t = T + \ (27) 



Under T-duality for the 9 — 11 flip, one obtains for i — 

T+ 9 = fdt^f dx STr (fiA) . (28) 

After the needed rescalings of world-sheet coordinates, background fields, and coupling con- 
stants, we are left with the final result, 

T+9 = h (I) / dadT STr ^ ■ (29) 

As to the free string limit, it can be taken as, 

lim T +9 = 0. (30) 

The procedure is always the same, for all the components. It should be clear to the 
reader how to obtain all the results, which are presented schematically in the Appendix. A 
few comments can be made, about the structures we have derived. First, as was trivially 
expected, the string coupling appears as expected, i.e., a factor of g s for each factor of A, and 
factor of — for each factor of [X, X], or for each factor of [X, 0\. Moreover, every tensor (and 
the action in section 3, also) has an overall normalization factor of j-. Second, and more 
importantly, we observe that if one counts operator insertions of background coordinates 
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into the currents as X, A, 6, [X, X] and [X, 9] each counting as one operator insertion, then 
the order of the currents depends on the number of insertions as follows. For zero insertions, 
it is order O = (^) 2 ; for one insertion, it is order O = (^); for two insertions, it is order 
= 1; for three insertions, it is order O = (J^); for four insertions, it is order O = (f-) 2 ] 
and so on, for n insertions it is order O = (f L ) n ~ 2 - 



4.2 Matrix String Theory Tensors 

We have thus performed the analysis of the Matrix theory expressions for the stress tensor, 
the membrane current and the 5-brane current. As previously explained in section 2, one 
can obtain the matrix string theory action in terms of other tensors: the sources I p of Dp- 
brane currents for p = 2n, the sources I s and J 5 associated with fundamental string and 
XSS-brane currents respectively, and also the sources Ih and 1$ of background metric and 
background dilaton fields. These currents / can moreover be expressed as linear combinations 
of the Matrix theory expressions for T, J and M. In previous work, the results for the 
lowest dimension operators appearing in the monopole (integrated) .DO-brane currents were 



obtained ill, |M |35 



Now, because of the 9 — 11 flip, we are dealing with M-theory on spacelike Rg instead 
of M-theory on spacelike Rn as before. This means that the / tensors are not necessarily 
related to the T, J and M tensors in the same way as in the case of the .DO-brane action that 
was described briefly in section 2. We begin by addressing such a question, in order to derive 
the correct expressions for the / linear tensor couplings. The original M-theory where the 
DO-brane couplings were derived was spacelike compactified along i? n , so that in light-cone 
coordinates we would be dealing with X ± ~ X° ± X 11 and a further compact coordinate 
X 9 . With the 9 — 11 flip we are now led to an M-theory compactified along R$, and where 
in light-cone gauge the coordinates are now X ~ X° ± X 9 and the compact coordinate 
X 11 . Clearly we have two frames, the "11" frame in the original M-theory, and the "9" 
frame in the flipped M-theory. The relations we presented briefly in section 2 concerning 
the relation between the / tensors and the Matrix theory tensors T, J and M, are still valid 
in the flipped "9" frame, but now relating the / tensors to the Matrix tensors in this frame, 
i.e., T, J and M. If we then relate these "9" frame Matrix tensors back to the "11" frame 
Matrix tensors, we will be able to express the matrix string theory couplings / in terms of 
the just derived DVV reduced Matrix tensors T, J and M. So, all one needs to do is a simple 
change of coordinates. 

To begin with a simple example, let us look at the Pj component of the matrix funda- 
mental string current, which is given by: 

pi „ j-Hj _ j-tf (31) 

This expression holds in the "9" frame. Relating the J tensor to the J tensor in the "11" 
frame, one obtains, 
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pi „ j+<i _ j-« „ (32) 

On the other hand, at the level of background fields, one knows how to relate the NS 2-form 
B^u to the M-theory 3-form Ajjk , via ~ Ag^ , where 9 is the spacelike compact direction 
involved in the Sen-Seiberg limit. The coupling we have just derived above is then precisely 
what one would expect. 

The procedure is always the same, and it should be straightforward for the reader to 
reproduce the results, which we now present schematically. Observe that as we change from 
the "9" frame to the "11" frame, there is a mixing of different orders in the currents, i.e., 
there will be tensors in different powers of O (( J^) n ~ 2 ) • We will neglect some of these tensors 
in the following expressions, and only keep the orders of interest to us. The components of 
the matrix string current associated with the background metric field are: 



joo = f ++ + f +- + (j00) g + (x 12 ) = T++ + T+~ + • • • 

- h f s& < (I) 2 1 + ¥ + > xi ? + ^ - h W^' 



+-6 ll [X\6]+i6 1 9 D6) + . 
9s 

rOi _ rr\+i i rp — i i sr\( x>10 



- 1 1 mt ™ < (!) * + (!) ^***,r + \w - 4* W • xt? 



+-Xi(DX j ) 2 - — [X\X j ][X j ,X k }X k -DX l DX k X k + i[X l ,X j }DX j A 
2 92 

1 . ,„ _„-.., Is 



-e a x k [x v ^]{ 7 % + fs jh - 2 7 ^} a/3 - -Ae^ix,, e\ + ix^dq 

^9s " 
--gsAQ^DQ - -^0 a [X k , [X 1 , ^]{ 7 [ifcj7] + 2^5 kl + A5 ki 5 3l } af3 

_J_0 aDX k [X^ edi-yWj] + ^6 kl U + ^-UX\ X']D9 P {^ + 2 7 b '%iW 
^9s ^9s 

-iDX^DO + •••]} + ..., 

fi = f * + (r h j ) 8 + 0(X 12 ) = T* + • • • 

= 2^ / rfadT STr ~ DXiDXj ~^ X ^ X ^ X ^ 

-^7^ 0] ~ 0]) + ..., (33) 

where = §T" + • • • and (1^)8 = 2T + • • •, and we know the matrix string form of 

T from (|80D . The conformal field theory limit of these tensors is simply: 
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,'™„ 7 ™ = hi dadT STr ( (I) * + (I) + ^<< sx< ) 2 - sx ' sx '^ 



,,9 



+iX i 9Yd6 - idX'OdO}) + 



lim IV 



■ — J dadr STr (XiXj - dX l dX j ) + .... (34) 
The Itf, matrix string current associated to the dilaton is given by, 

I* = f ++ -\(T + - +f ii ) + (I^ + 0(X 12 ) =T ++ + \{T + - +T U ) + --- 

+ ..., (35) 

where (I^s = — \T + • • ■ and we know the matrix string form of T from (|5DD . This 
current has the following conformal field theory limit, 



= i ! d ° dT STi ((I) 2 1 + ¥ ~ \ (dx ' )2 ) + 

The components of the matrix fundamental string current are: 



(36) 



rf = 3J + - 1 + 0{X 8 ) = 3J +i9 + 3J~ i9 + 

= — [ dadr STr (-- f - J DX* + (^) {-X i X k DX k - -Ax k [X k , X 1 } + ^A 2 DX 
2,7i J 2 \ R I \t s J 2 2 4 



--(X k ) 2 DX l - -^DX i J2[X k ,Xf - -DX\DX k f 
4 ^9 S k<i ^ 

l -\x\ x h ] [x k , x 1 )dx 1 + -Le a x k ix m , + 7 [9m] fe W 



~Ae a [X m , ^]{ 7 N + 28 im } aP + l -X*6D0 - '-Ae^De 
3? 

+— 6 a [X k , X 1 ] [X m , Bp]{^5 mi + 2^5^ + 2 7 9 

-—DX k 6-f k [X\9] - —DX k 9-f l [X k ,9] 
2g s 2g s 

3? 

+— e a [x k ,x l ]D6 p {^ + 2 7 % k } a p - iDx'e^De + ■■•}) + ... 

^9s 
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jij = 3 j+ij _ 3 j-ij + (X W ) = 3J 9ij + ■■■ 

= _L / rf a rf r STr ( -Ji^X 3 ' + ]-XWX i - l -A[X\ X j ] + -Lfl 7 ^ 9/ ] [X,, 0] ) . (37) 
Z7r j y 2 2 2 4g s y 

The conformal field theory limit of these tensors is: 

}™S - ih dTS ^-l{ e i) dx ' + (f) {1 2 x ' xksxt 



~(x k ) 2 dx i - ^dx\dx k f + l -xm9 - idx^ae}) + ..., 

lim PJ = f dadr STr (~X i dX j + \xWX l \ + .... (38) 
9s-»o 2,71 J V 2 2 / 

Let us now move to the R-R fields. The components of the matrix string DO-brane 
current are: 



/° = f ++ = T +9 + T" 9 + --- 

1 / STr ( (|) a ,A + (*) { l - g ,A(X>r + irf* - EIA-. ^ 



2tt 7 W 2 2 2 # 

-— LX*[X\X J ']Xi - -g^DX^A - —X i 9-f 9 [X i ,9]+A9f[X i ,9} 
9s 2 2g s 

- l -X^D9 - -^[X\ Xi}9^ k \x\ 9] + ^9 a DX\X\ Bp\{^ + 2<^} a/3 

+ -DX l 9^D9 + •••}) + ..., 
P = f +i = T 9i + ■ ■ ■ 

= J_ f dadr STr (g s X t A + -[X\ X k ]DX k - U^D9 - ^^[X,, 9}) + . . . (39) 
2n J \ 9s 2 2# s J 

With the conformal field theory limit: 



lim 7 ° = — (^) f dadr STr (--X^ l 89 + -8X^^89] + ..., 

9s- *o 2n \t s J J V 2 2 / 

lim P = — f dadr STr (--9^89) + .... (40) 



gs^o u 2tt7 V 2 

Observe that these expressions for the 7J0-brane current are exact in the hatted frame, unlike 
all the other expressions for the matrix string theory currents, which are given up to higher 
order terms in the coordinate fields, 0(X n ). 

The components of the matrix string theory .D2-brane current are: 
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jWj = j+ij + O (x 10 ) = J +ij + J~ ij + ■ ■ ■ 

= rJ d ° dT STy (- (I) 6^* x i + (!) 

— ^-XiX fe [X fc ,X i ] - -g a Ax i DX i + -g s AXWX i 
6g s 6 6 

'-k\2\ Y i Y31 - —r, A 2 \Y' 1 Y31 ! \Y l Y3\\^\Y k Y 1 ] 2 



1 2 ^-(X*) 2 [X*, ^] - -g s A"[X\ Xi] - —[X\ X'] £[X fc , X J 

+ — [X\X j ](DX k ) 2 - -^-\X i ,X k }\X k ,X l }\X l ,X j } - —DX i DX k [X k ,X j ] 
12g s Qgj 6g s 

+^-DXWX h [X k , X 1 ] + -^-9 a X k [X m , ^]{ 7 ^ m l + ^S ki - 7 [m % 
vg s *-2g s 

+25j m 5ki — 25i m 5kj} a i3 

+^^[X fe ,X'][X m ,^]{ 7 yfc ^™ - 7 [ ^<W + 2 7 [Kj ' ] eW + 2 7 , <S jfc <f im 

-2 7 '5 ife (5 jm + 2^5 u 5 km - 27 l 5 jZ <5 fcm } a/3 
+J-0 a M fe [X™ fy]^'* 91 *™ - ^5 mj + 7 [9ij] <W + 7 9 M- - l%k5 jm }af} 

- l -9 a DX l D0p{^ + -f6« - fSji} a p + •••}) + ..., 

jijk = jtjk + ^8) = jijk + . . . 

= — ( dadr STr( X fc ] - — X>[X fc , X<] - — X fe [X\X J ] 

2tt j 6# s 6& 

+ J-0 7 ^] [X,, 0] + ^-9~f [ijk9] D9) + .... (41) 
12^ 12 

The conformal field theory limit for the membrane current is: 

1 /R\ r . , , i 



lim /o^ = 

9.-0 2 2tt U. 

~2 



■) J dadr STr (±e a X*de fl {J k W + ^l^. _ 7 [*%} Q/3 



lim it = — [ dadr STr (—O^^de) +.... (42) 
Moving towards the D4-brane current, the components are given by: 



r oijki = 6 M+-ijki + Q(x8^ = 6M -i9jki + . . . 

= —(^) fdadr STr (-— X^[X\X k ]DX 1 ^- — A[X^\ X^][X l , X k ^} 
2ix \t s ) J g s 2g s 
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1 5 

9s 

I KA 1 c 

+^e[x [ \x j ]-f kl]9 -f n [x n ,6] - —9[x [i ,x j ] 1 kl]9 1 9 D9 

2g s 2g s 

+-9DX [ y lk] -f n [X n , 9] + 5i9DX [ y lk] -f 9 D9) + ..., 
9 s 

jijklm _ _Qj^-ijklm, + Q^ 10 ) = _Q M ~ijklm _j 

= —(t)[ dadr STr(^-X^[X j ,X k }[X l ,X m ^} + -9X^ kl [X m \9] 
2it \IJ J 2gj g s 

+— 9[X [l , X J '] 7 fc '"V[X n , 9] 9[X [i , X j \ 1 klm] ^D9) + .... (43) 

^9 S ^9s 

The conformal field theory limit for the 4-brane current is: 

lim lf kl = —(^)[ dadr STr 5i ( 9X^^89 + 9dX^ lk ^ 9 d9) +..., 
9s^o 2n \t s J J v ' 

\imli jklm = O(X 10 ) + .... (44) 

g s ->0 

Next we analyze the D6-brane current in matrix string theory. The components of this 
current are given by: 



jOijklmn g+ijklmn _|_ Q^X^®^ g+ijklmn _|_ 

1 (R 



J dadr STr ^-^[X [l ,X J }[X k ,X l }[X m ,X n] }j + ... 



2tt \£JJ \ g 

jijklmnp gijklmnp _|_ Q(^j<[^^ Qiijklmnp _|_ 

= — (f) f dadr STr (-^[X li ,X 3 ][X k ,X l ][X m ,X n ]X p] + 0(9 2 ,9 A )\ 
2ix \t s J J \ 9s J 

+ .... (45) 
As to the conformal field theory limit for the 6-brane current, it is: 

lim li jklmnp = 0(X 12 ) + .... (46) 

A Matrix theory form for the transverse M5-brane current components M +t ^ klm and 
j^ijkimn j g no ^ k nown (though it is believed that these operators identically vanish in this 
light-front gauge). Therefore, we cannot determine the -/VS5-brane current components 
jvjkimn jOijkim ^hough most likely these operators will vanish in the Type IIA description 
as well, at least to the lowest order we are considering here) . For further discussions on these 



points, see [p4|. 
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With these matrix string currents, the sigma model action for matrix string theory in 
weakly curved backgrounds is then simply written as: 



s = h I dadT ^tf A w j r + + b axw + B, uXpaT (x)ir xpar 

+c,(x)ii; + c, uXpaT ^x)ir Xpa ^ + c M „ A (x)/f A + c^ Xpa (x)ir Xp(T ), (47) 

where the notation is as follows. The metric is g pu = r] pu + h pv , so that the first term includes 
naturally, to linear order in h pv , the term relative to the matrix string action in flat space and 
the linear coupling term h flv (X)I^ I/ previously derived. Also, we have seen that the currents 
/ that we derived were integrated currents, including an explicit world-sheet integration. 
In PT| ) this world-sheet integration, as well as the ^- factor, have been brought out of the 
expressions for the current, in order to stress that we have obtained a two dimensional matrix 
gauged sigma model field theory. Finally, recall from |TJ|, |4], [35], I1J what is the prescription 
to include explicit spacetime dependence in all the NS-NS and R-R fields. We should take 
the following definition: 

OO 1 

<j>{X)I^ = £ -Ad kl ■ ■ ■ d kn $){Q)lf v " K \ (48) 

n=0 n - 

where J^ 1 '"^ are the higher moments of the matrix string current for the dilaton. Similarly 
for all the other fields. Observe that in this work we have just analyzed zeroth moments of 
the Matrix and matrix string currents. Moreover, we shall assume for the remainder of the 
paper that the background fields satisfy the source-free equations of motion of Type IIA 
supergravity. In this case, the dual fields C m , B NS5 and C Di are well defined (p + l)-form 
fields given at linear order by, 



dC m =*dC m , dB NS5 = *dB, dC DA = *dC m . (49) 

In one sentence, the tensors we have just derived allow us to build a matrix sigma model 
for the IIA string. Recall from the standard sigma model approach that the background 
fields are an infinite number of couplings from the point of view of the world-sheet quantum 
field theory. If the target space has characteristic curvature R, then derivatives of the metric 
will be of order i, and so the effective dimensionless coupling in the theory will be = ^, 
quite similar to what we have obtained (even though previously R was simply the radius of 
the compact dimension). For R^> £ s the effective coupling is small and perturbation theory 
on the world-sheet is useful. In this regime, the string is effectively point-like, and one can 
also use the low energy effective field theory to deal with the problem. To these results there 
will naturally be stringy corrections. They can be obtained from the multi-loop corrections 
to the world-sheet beta functions, as a power series in our effective coupling ^. 

One expects that a similar story should take place in the case of the matrix sigma model 
we have derived, that describes multiple string interactions in non-trivial background fields. 
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Indeed, it would be quite interesting to derive matrix beta functions, and therefore matrix 
equations of motion for the background fields. While at the level of Matrix theory one could 
expect that a large N renormalization group analysis should be required |DJ, here at the 
level of matrix string theory it should only be a direct generalization of the one string sigma 
model field theory. 



5 Reduction via the T—S—T Duality Sequence 

If one recalls section 3, performing the DVV reduction via the 9 — 11 flip should be equivalent 
to a specific set of dualities, namely T-duality from IIA to IIB, 5-duality of IIB, and then T- 
duality back to the IIA theory. We would now like to explicitly check such a procedure in the 
presence of non-trivial backgrounds. This would amount to a further check of the internal 
structure of string dualities. Basically, all one needs to do is DVV reduce according to the 
sequence of dualities as applied to the background fields and to the world-volume fields, and 
observe that one will obtain the same result as in the previous section. The transformation 
of the background fields under T and S dualities is well known. As to the transformation 
of the world-volume fields, it is well known for the case of T-duality as discussed for the 



general case in |22| . For ^-duality, it is not known how the world- volume fields transform, as 
we are dealing with a nonabelian gauge theory. For the case of the T>3-brane, this has been 
discussed recently in [|3~5[] . In here, we shall be dealing with a Dl-brane. We will obtain the 
S'-duality transformations for the world-volume fields of the 2-dimensional gauge theory by 
demanding consistency with the whole structure of matrix string theory. Also, we shall work 
this out explicitly only for a couple of terms, not for the whole series of components of the 
several matrix string supercurrents. Moreover, we will neglect all terms involving fermions 
throughout this section. From the previous section we already known how they appear in 
the tensor structures that compose matrix string theory, so that we can always take them 
from there when they are required in the following sections. However, for the purpose of 
checking the duality sequence it should be enough to look at the bosonic part of the action 
alone. Extending our results to all the components and including fermions should present 
no obvious obstacles. 



We begin by following closely ||35|| , in particular their discussion of implementing T and S 
dualities for the linear supergravity backgrounds, and somewhat the implementation of T- 
duality at the world-volume level. Then, due to the matching between the duality sequence 
and the 9 — 11 flip, we determine the S-duality transformation rules at the level of the 
2-dimensional world-volume theory. 

Let us focus on T-duality, and how it acts both on the supergravity background fields 
and on the fields that live on the T>-brane. Recall that when we begin the sequence of 
dualities we are looking at the world-volume theory of DO-branes. T-duality acting on 
arbitrary backgrounds independent of the compact directions is well known in string theory 
The standard T-duality rules can be linearized and these are the transformations we 
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shall be interested in, given that we are working in weak background fields. Using barred 
indices a,/3, . . ., for the compact directions in which a T-duality is performed and indices 
[i, i/, . . ., for the remaining 10 — p spacetime dimensions (including 0), we can write the action 
of T-duality in the linear supergravity background fields as [[35] . 



B^y < ► B^y 

ha/i * * B a ^ 

Kp < — > -Kp 

B a p < — > -B^p 

^ a 

Ml) . , _ ai-a fc ^(g-2fc+n) ,rn.\ 

where the (q) superscript indicates the g-form R-R field associated to a D(q — l)-brane. 

The implementation being clear at the background level, let us look at the world-volume 
level. The low energy effective field theory living on the world-volume of a Dp-brane in 
flat background space is the dimensional reduction of 10-dimensional SYM theory to the 
p + 1 world-volume dimensions. One thing one can do |35 is to retain 10-dimensional 



notation for all the Dp-brane world-volume theories and reinterpret the resulting expressions 
appropriately for each case, i.e., if we choose a,b, . . ., as world-volume indices and . . ., as 
indices transverse to the brane, then we would reinterpret expressions such as F ai = D a X l 
and Fij = i[X\X^]. We therefore see that the action of T-duality on expressions which 
have been written in terms of the 10-dimensional notation simply amounts to an adequate 
reintrepertation of such a notation. There is only one point one should take into account, 
namely we should be careful when considering transverse fields X 1 associated with a compact 
direction. The precise way in which one should deal with such fields has been described in 
p2fl . Briefly stated, transverse fields associated with a compact direction can be Fourier 
decomposed so that they are T-dual to the momentum modes of the dual gauge field that 
lives on the T-dual brane. The Matrix theory expressions for the moments of the 11- 
dimensional supergravity currents that we have used in the previous section can all be 



written easily in the 10-dimensional language, and this has been done in |p5 |. We refer 
to the appendix for those expressions. 

Given the DO-brane action in weak background fields, we can now write down the T- 



dual action for the Type IIB Z)-string. This has in fact been done for any Dp-brane [[35 
as briefly discussed in section 2. The D-string action is therefore, 
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Sns-ns - (0 _ -jh & a)Ii> + + -jhijlh ~ -jh&h^t + Kdh + ^adT ~ 2 ^oa4° a 

+ByI« - B &i lf + 2B Qi lf + B u jf - B Q& lf 

+Higher moment terms + Nonlinear terms, (51) 



n=Min(g,8) / -, \ "("-!) /„ 

■/ V n=Matro, g - 2) n!(g-n)!(n- ff + 2)! a °' M " ,B 

■F, 2 „ • • v) + Higher moment terms + Nonlinear terms, (52) 

{a q - n — ai«i— i n ; J 1 & > v y 

where the indices in curved brackets are to be assigned pairwise to the corresponding product 
of F's and then symmetrized over all orderings. Indices 0, a, . . ., live on the 2-dimensional 
world-volume, while indices are transverse to the D-string. The I currents in these 

expressions should not be confused with the / currents derived in the previous section. In 
here we started with the DO-brane currents mentioned in section 2, which in turn can be de- 
termined in terms of the Matrix currents T, J and M. As we wrote the previous expressions, 
the 0-brane currents I are then to be reinterpreted as 10-dimensional expressions reduced 
to the 2-dimensional world-volume of the Dl-brane. As to the higher moment terms, the 
expressions will be just like the ones above, but with the appropriate inclusion of arbitrary 
derivatives of each background field. 

It is therefore clear that in order to explicitly write the D-string action, it would be useful 
to start with the 10-dimensional expressions for the I currents. These can be obtained 
from the expressions in [p5[] , and they are as follows. Observe that we write down the 
expressions in the previously explained 10-dimensional notation, and so when reducing to 
the 2-dimensional world-volume one should take into consideration the compact direction 
carefully, as was mentioned before. 

The J°° component of the matrix string current for background metric field, can be 
written in 10-dimensional notation as (we dropped a factor of 1/R from all the expressions 
that follow for the / currents): 

J°° = T ++ + T + - + (4 00 ) 8 + 0(X 12 ) 

= STr{l + F^F\ + ^F^F^ + 0(e 2 )) + (I°°) s + 0(X 12 ). (53) 

All components of these matrix string currents are straightforward to write down, so we 
simply present them. For the NS-NS sector, the matrix string current components can be 
written in 10-dimensional notation as: 



ij» = T ++ + T + - + (O, + 0(X 12 ) 
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= STr (1 + F^F\ + -F^F^ + O(0 2 )) + (7°°) 8 + 0(X 12 ), 

joi = T +i + + 0(X 10 ) 

= -STr (F 0i + F^F^F* + ^F 0i F^ u F^ + C(9 2 , 6 4 )) + C(X 10 ), 

I» = T j + (lH) s + 0(X 12 ) = STr (i^V + 0(e 2 )) + (I^) 8 + 0(X 12 ), 

h = t ++ -\{t + - + T u ) + {I <t> ) & + 0{X 12 ) 

= STr (1 + \f^ + 0(Q 2 )) + Og 8 + 0(X 12 ), 

If = + 0(X 8 ) = ^STr (F^Fj + C(0 2 )) + £>(X 8 ), 

pj = 3J+ ij _ 3 j-ij + (x 10 ) 

= - -STr (F ij + F^F^F uj + ~F ij F fll/ F> lu + O{e 2 ,e 4 )) + O(X X0 ). (54) 

Moving to the R-R fields, one can write the matrix string currents in the 10-dimensional 
notation as: 



1° 



T 0ij 
Jo 



T ijk 
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jOijkl 
i 4 



jijklm 

jOijklmn 
i 6 

jijklmnp 
J 6 



T++ = STr(l), 
T +i = -STr (F 0i ) 



j+y + 0(X 



10 i 



— STr(F^ 
6 



10 N 



1 



JV* + Q/yS) = _ gTr /^Oi^ifc + F 0j F ki + ^Ofc^ii + 0(02)) + 0(X 8 ), 

6 

6M +_ij ' w + 0(X 8 ) = isTr + F ik F lj + F a F jk + £>(9 2 )) + £>(X 8 ), 

_ 6M -ijkim + 0(^10) = ySTr (F 0[i F jk F lm] + 0{Q 2 )) + 0{X 10 ), 



gijklmnp + 0(X 1 2) = 7 STr ( Ffo . Ffc/Fmn X p] + 0(# 2 , 9 4 )) + 0(X 



12 i 



(55) 



As we discussed in the previous section, finding a Matrix theory form for the transverse 
M5-brane current components M + ^ Mm and M v iklmn is a matter which is yet not quite fully 
understood. 

All these straighten out, we can proceed and explicitly write down (|51"D and ([52]) for this 
case of the IIB D-string. From the previous expressions, one obtains: 



qDl 

^NS-NS 



(0 - -/O STr (l + -F^ + • 
+ \h l0 STr (F^ V + •••)- \h ab STr (f^F/ + • • • 
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-h ai STr F ai + F^F^F* + -F ai F fl „F flu + 



1 

—By STr fa** + F^F^F"* + if 

+^£ a6 STr (V a6 + F^F^F* + ^. 
+B ai STr (F a ^F; + •••) + ..., (56) 



Sj£ R = STr (F a6 + •••) + ^e 06 ^ 1 STr (1 + •••) + ^e a6 C^ STr (f 6 4 + •• • 

+~e a6 Cg 1 STr (fJfJ - X -F ah F^ + ...)+..., (57) 

where in the previous expressions one should still take into consideration that the tensors 
must be appropriately reduced to 2-dimensional world-volume notation via the identifica- 
tions F a i = D a X l and = i[X l ,X^\, and the proper treatment of the compact coordinate 
X 9 according to [p2| . Integration over the cylindrical world-sheet {t, cr} is implicit. Of 
course the action (|56|) and (|57D is quite interesting on its own, as it yields the gauged matrix 
sigma model for the Type IIB D-string in weakly curved backgrounds. 

The issue of T-duality along R^ IA solved, let us now deal with the IIB S-duality trans- 
formation. The SL(2, Z) duality symmetry of Type IIB string theory maps a (p, g)-string 
into another (p 1 , g')-string. In here, we shall focus on the usual Z 2 subgroup of the S-duality 
group generated by the transformation which exchanges the NS-NS and R-R 2-form fields, 
and in particular maps the D-string into the fundamental string. As in the case of T-duality, 
the action of this subgroup of S'-duality on arbitrary IIB supergravity background fields is 



well known [421. At linear order the transformation is 35 



<p - 

G (o) _ 


_C(o) 


Bfj, u — 
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h — 


* hfxu 


C (A) _ 


C-(4)_ 



These transformations are written in the Einstein frame, even though we have been working 
in the string frame. This is fine as the terms that we are considering from the string action, 
in this paper, are the same in both frames. 

The problem we face concerns the implementation of S'-duality at the D-string world- 
volume level. In fact, the S-duality transformation properties of the world- volume operators 
in the 2-dimensional U(N) gauge theory are not known. What we shall see, is that in the 
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end the ^-duality transformations are not so surprising, and they turn out to be quite simple 
as there will be no change in the composite operators. But for the moment, let us assume 
that they could be anything. 

In here, for the .Dl-brane, because we know what the result is from matrix string theory 
we can predict the precise transformation properties of all the operators that appear in the 
action. For the moment, we shall perform the IIB ^-duality transformation of the D-string 
action (|5HD and (|5"7| ) in the following way. We apply the linear S-duality transformations 
(f)8|) to the background fields, and we denote S-duals of the world-volume fields by simply 
putting a tilde over them. Next, as we T-dualize back to the IIA theory, we can then compare 
to the previous section and obtain predictions for all these "tilded" operators. S'-dualizing 
the .D-string action in this way, one obtains: 



S F N ^ NS = (-0-^/)STr + + 

+ hi l3 STr (>>iy + ■•■)- l -h ab STr + ■ 

-h ai STr (f* + F a »F~ v F vi + ^F^F^F^ + ■ ■ 
+ ldi STr (f& + F^FZF^ + ^FvFZf^ + 



- l -C ah STr (F^ b + F^F^F^ + ^F ab F^ u F^ + ■ 
-C^STr (Wy + ...) + ..., (59) 



S ih = -^C^STr (F ab + ---) + -e ab B ab STr(l + ---) + -e ab B ai STr(F b * + ---) 
+^t ab B tJ STr (fJF^ - ^F^FV + •••)+..., (60) 

where we also denoted the action subscripts with a tilde, as we have a mixing of the NS-NS 
and R-R sectors under 5-duality. A note on notation: in case it is not clear, in the previous 
expressions the tilde is over the whole composite operator. 

Proceeding, we are left with a final T-duality along Rl IB that leads back to the Type IIA 
theory, and therefore to matrix string theory. The rules for T-duality have been previously 
explained and used, so we just apply them to the previous expressions to obtain the matrix 
string theory action in weak background fields. Two points should still be stressed. We 
have been slightly abusive of notation in the previous expressions by allowing more than one 
compact direction, as we indexed tensors as a, b, — Of course in the case we are dealing 
with there is only one, a. Moreover, we still have to write the world-volume tensors in the 
2-dimensional world-sheet notation. Once we make the notation completely rigorous, we 
are left with (recall that in the matrix string limit Rg — > 0), 
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. STr ( -1 + \x} - \(DX<P + \glA* + ± £ [X*, X^ + ■ 



+\h 00 STr (l + \xf + \{DX^f + \g\A- - ± £ [X*, X^] 2 + 



STr fx'X^ - (DI^DP') - ^[X%X fe ][X fc ,XJ] + • • • J 

+/i 0i STr (X* + ^gl&Xi - iA{DXi)[Xi,X i ] + ^(X^X* - X^DXtyDX*) 
+~(DXi) 2 X'- — X^[XJ,X fc ][X fe ,X'] - -^X^[Xi,X fc ] 2 + ---) 



+5 0i STr f-ipl*) + •••) + By STr (-~X*(DXi) + ^(DX*) - % -A[X\ Xi\ 
+ ■■■) + Q STr - j{DX*)\Xi, X i ]+--^j+ C STr + ^ s 3 Js 

-J^(^) 2 + i^G**) 2 + -X*[X^]DXj - -Li^[X^,X^] 2 + • ■ ■) 

^ * <?s ^<?s j<j 

+ ... (61) 

This completes the sequence of DVV dualities. The final result should be equivalent to 
performing the 9 — 11 flip of section 4. Comparing this result to the one in section 4, (1471), 
one will obtain the S'-duality transformation rules for the tensor operators that live on the 
.D-string world-volume. One should only keep in mind that in this section we have dropped 
a factor of 1/R from all the expressions, and that one may need to correct for units as 
comparing to the previous section. 

From the expression ( [BID we have results for the 1$, J°°, 1% , I®\ I®\ Pj , P and I® tensors 
coming from the T-S-T chain of dualities. It should be a straightforward exercise to include 
all other matrix string tensors in this result. For our purposes this is enough. Comparing 
back to what we have obtained for those same tensors in section 4 - where we used the 9 — 11 
flip to DVV reduce - we obtain an interesting result: the 2-dimensional D-string world- 
volume composite operators are invariant under the target space IIB S-duality operation. 
It is indeed somewhat expected that these operators should not change, as from the field 
theory side we expect non-trivial S'-duality properties only for the J\f — 4, d — 4 gauge 
theory, i.e., we only expect to see non-trivial transformation laws for the operators that live 
on the world- volume of the D3-brane. For the Dl-brane, the operators are kept fixed under 
the target transformation. 
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6 Green— Schwarz Action in a Curved Background 



Given that the matrix string theory action we have built has been firmly established at the 
level of string duality, we would further like to confirm it by looking at its conformal field 
theory limit, where we obtain the free string case. We expect that when we take the g s — > 
limit, our action should match the Green-Schwarz sigma model for the Type IIA superstring 
||36|| , once we consider this latter one in the same weak background approximation that we 
are considering in here. 

6.1 The Green— Schwarz Action 



We begin with a short review of the results obtained for the IIA superstring in ||36|| , so that 
we can establish a bridge between the results of that paper and our notation. We want to 
compare the Green-Schwarz sigma model to our matrix sigma model, and for that all one 
needs to do is to consider the matrix sigma model in the free string limit which was presented 
throughout section 4 for all the tensor fields. One should also take into consideration the 
weak field approximation in the sigma model for one string. It should be stressed that we 
shall be looking at schematic and qualitative results only, throughout this section. This is 
because establishing a precise map from the matrix string theory in the IR to the light-cone 
Green-Schwarz action requires a precise lifting of the IR matrix action from the cylinder to 
its branched coverings, and so to any given Riemann surface. The procedure is described at 



length in fl24| , ^5 , 26] , ^7 , 28] for the flat background situation. Completing such a procedure 
for this curved situation is an interesting project for the future. 

The massless spectra of the Type IIA closed superstring includes the metric, g^, the NS 
-B-field, B^, and the dilaton, 0, whose origin is the bosonic sector of the superstring action. 
It also includes the DO-brane 1-form, C^, and the D2-brane 3-form, C^ up , whose origin is 
the fermionic sector of the same superstring action. The covariant superstring action can be 
written while in the presence of couplings to the background fields of M = 2 10-dimensional 
supergravity, as was shown in [fffil - In here we are interested in the form of this action 



in light-cone gauge, which was also derived in pq| : If one chooses light-cone gauge, and 
furthermore assumes the supergravity background fields to be non-trivial only in the eight 
transverse directions (so that the background spacetimes decomposes as Ai 10 = R/ 1 ' 1 ) x A4 8 ), 
then the NS-NS sector of the IIA superstring action is written as |3 



Cns-ns = 9ij( X ) v ab d a X%X j + Ana' B l3 (X) e ah d a X l d h X^ - 2^ T 7 °pV p a D a 

+^RiJki # T 7°pV-p a (l + Ps)9 fl T 7 °P VV(1 - PsW + • • ■ , (62) 
where we have the following relations, 

& jkl = &f$ { -.-., r i jl = T i jl [g]+27ra'H i jh H ijk = 3d {i B jkh 
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uj.4 + 2na'p 3 H, 



T 



(63) 



and moreover: i,j, k, . . ., are transverse spacetime indices; a,b, . . . are world-sheet indices; 
hatted indices correspond to tangent frame indices; a a b is the world-sheet metric; and we 
have introduced two-dimensional world-sheet Dirac matrices pg, as, 



P 



-i 

1 



P 
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1 



P3 



1 

-1 



(64) 



One can also write down the Lagrangian for the R-R sector of the Type IIA superstring 



action 36 



C R-R = T~kh ^ T 7°P 5 7 ( T V(l - PzW (-d a X l d a X> + -9 T f p^™" p a 9 d a X> d n 

1 e T 1 Q P S ni -p a e e T 1 °pS m3 -p a e d n d m ) c A (x) 
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' T 7 °P°7 [ T V ] (l - p3 )0 (-e^daX^bX 1 + -e T 7 °p 5 7 ni "P a P3^ d a X j d n 



(a') 3 / 2 ' r ' ' K v a ' 6 

1 
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0VA ni "p°0 o T ^p°^-p a p 3 e d n d m ) c A (x) + ■■■, (65) 



where we have {(r A , C A )} = {(7 \ Cj), (7^'* , C^fe)} for the background DO and _D2-brane 
currents. Indices are contracted via the metric g^, and the dots in (|65"D refer to 



higher-derivative terms (which have no contribution to the light-cone vertex operators) [36|. 
This completes the information on the Green-Schwarz action that we shall be interested in. 

To begin the comparison with the abelian limit of our results from section 4, we look 
at the NS-NS sector. In the weak background field limit we are considering, the Riemann 
curvature terms drops out from flS2p and all we need to check is for the existence of the 
abelian couplings, 

hijiX) d a X*d a X\ (66) 

and 

B tJ (X) e ab d a X%Xi. (67) 

Comparing back to (|3~4"1) and (pSf), one immediately observes that these terms indeed appear 
in the abelian conformal limit of our matrix string action. The term involving the Riemann 
tensor is present in a weak field approximation only via its piece in d 2 h. One can realize 
however that, being schematically of the form iiyjy 9 T T^9 9 T T kl 9, it is of order O = (j-) 2 - 
At the Matrix theory level we have four fermion terms of this type in the T~ % component 
of the Matrix stress tensor and in the J~ % i component of the Matrix membrane current, 
and therefore we have terms of this type in several components of the matrix string tensor 
couplings. However, none of these terms seems to have the required index structure to couple 
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to the Riemann curvature term, and besides we are looking for tensors that will couple to 
a term of the type didjhki- The reason for this is that such couplings will actually arise 
from higher moment terms. Indeed, one can see from the appendix that there are two 
fermion contributions to the first moment terms of Tp^ ion , which will couple to a term 
in dh. Similarly there will be four fermion contributions that should produce the required 
curvature coupling. It would be interesting to construct explicitly such terms. 

When we move to the R-R sector, we observe that in (BS) the terms that do not involve 
derivatives of the DO and D2-brane fields are at order O = (f-) 2 , and schematically of the 
form 6 T Tij\6 dX l dXK For the DO-brane such terms will likely come from the quadratic 
fermion pieces that we neglected in the tensor T , while for the .D2-brane case it is not 
entirely clear where these terms should come form. The other terms in the R-R action 
(|65|) are higher derivative terms in the R-R fields, and so we would only expect to match 
these terms to higher moments of our couplings. Therefore, the overall comparison of our 
results with the ones for the one string action is rather schematic and qualitative. But the 
comparison can still be of some use in predicting some possible new coupling terms coming 
up in the full curved action. 



6.2 Matrix Theory in Curved Backgrounds 

As we mentioned before, in the Green-Schwarz sigma model there are four fermion couplings 
to the background Riemann tensor. One could expect that this coupling would correspond 
to the free string limit of some nonabelian coupling between world-sheet fields and the 
background curvature. Indeed, given the previous match between abelian and nonabelian 
actions, one has some clues for the form of the couplings to background curvature. This 
would amount to terms in the full non-linear matrix string action, and therefore to terms 
involving the Riemann curvature and other non-linear combinations of the supergravity 
background fields in the Matrix theory action. 

As we have just seen, the term involving the curvature tensor is schematically of the 
form Rijki 6 T T l W 8 T T kl 8, and we have no tensor coupling with this index structure among 
the zeroeth moment terms. One naturally expects that such tensors would start making 
their appearance once one performs a higher loop calculation in Matrix theory or in matrix 
string theory as we would obtain, e.g., quadratic pieces in the metric, h. For the moment we 
simply observe that the actions fl62"D and (|65|) yield already some information on what one 
will obtain from such a higher loop calculation by telling us what will be the abelian limit of 
the tensors one would eventually obtain. Indeed we can predict that there will be a tensor 
coupling to the quadratic metric piece, of the type, 

Qijkl = e T T ij d Q T T kl e + Nonabelian Terms . ( 68 ) 

This is of course the required coupling for the curved matrix string theory action to match, 
in the free abelian limit, the Green-Schwarz action. But because we are dealing in this 
section with background fields that are non-trivial only in the eight transverse directions, 
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this term actually is lifted to a term in the curved Matrix theory action. We see therefore 
that in order for a supersymmetric completion of the curved background Matrix action to 
be done, there will be at least quartic fermion terms required, at zeroeth moment terms. 

Because the curvature term in fl62| ) also includes a coupling to the NS-NS 5-field field 
strength, a similar story will also work for that term. Likewise, due to the higher derivative 
terms in (|65|), we shall actually obtain quite a few predictions for higher moments and other 
tensor couplings, along the lines of the previous discussion for the background Riemann 
curvature. In summary, a full extension of Matrix theory for the case of curved backgrounds 



will probably not be as simple as the sigma model proposal in |15| . Its supersymmetric 
completion however, will have to include a series of non-linear background couplings, as we 
have just discussed. Such types of couplings, involving the Riemann tensor and four fermion 
fields, are common in supersymmetric completions of bosonic sigma models and so are quite 
natural to be expected in here as well. 

7 Noncommutative Backgrounds 

In this section we wish to exemplify the nonabelian nature of our action. Ideally one hopes 
that coherent states of gravitons can be made out of many fundamental strings (by some sort 
of fundamental string condensation), and by using infinite dimensional matrices to describe 
such solutions one could then be able to build fully curved spacetime geometries - somewhat 
like when one uses infinite matrices to describe non-compact curved membranes in Matrix 
theory In practice the situation is not as idealistic, as it is not clear how to go from the 
description of the coherent state in terms of the strings to their effects on the other strings. 
This would correspond to a higher loop calculation in Matrix theory or matrix string theory. 

Still, an interesting question is whether one can exponentiate the noncommutative vertex 
operators we have obtained in our linear action, and from that build the full non-linear matrix 
sigma model. Recall that the results for the I tensors can be used (loosely speaking, via 
multiplication by exp(ip-X)) to obtain the noncommutative vertex operators of matrix string 
theory. However, precisely because of this noncommutative nature of the vertex operators, 
one still lacks an ordering for the exponentiation. Such an ordering would moreover have to 
produce terms with derivatives of the background fields, as such terms are expected in order 



to satisfy the geodesic length condition in [44, 45 1. It is certainly not clear how to choose 



the ordering of such an exponential at this stage. There is also the question of whether the 
background satisfies the equations of motion of supergravity. To clear this issue, one would 
again need the full matrix sigma model in order to compute noncommutative beta functions 
and from there derive the noncommutative equations of motion for the background. 

For the moment we will aim lower and consider a very simple example involving non- 
trivial R-R flux. There is a particular interest in examples involving R-R flux, due to its 
possible connection to noncommutative spacetime geometry. Recently there has been some 
study in the applications of noncommutative geometry to string theory. This has, however, 
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been mainly studied at the world-volume level where the noncommutativity appears as a 
result of non-trivial NS-NS flux |37L 138], |39], f40|. But it has also been suggested that in 



situations involving R-R flux rather than NS-NS flux, the noncommutativity could make its 



appearance at the background spacetime level due to small distance stringy effects It 
would be quite interesting to further study this issue. 

7.1 R— R Flux and String Condensation 

An interesting situation is the one where there exists non-trivial R-R flux. In recent work 



41| , |47jl it was studied an example where a collection of DO-branes was polarized into a 
noncommutative 2-sphere configuration by an external R-R field. The question quickly 
arises of whether a similar situation could exist in this case, where we are dealing with 
a collection of fundamental strings. If they can indeed be polarized into noncommutative 
configurations by some external R-R fields, this would then correspond to the creation of 
some sort of noncommutative stringy object. We shall see that such indeed happens, and so 
R-R flux can act as a source for fundamental string world-sheet noncommutativity. 

Let us consider a situation where there is non-trivial R-R 3-form flux. This case will be 
quite similar to the one of dielectric branes considered in [^TJ , the difference being that now 
we have "dielectric strings" . We will moreover consider a simplified case where we take all 
fermionic fields to vanish, 8 = 0. As an ansatz, let us also consider A = and OX 1 = 0. At 
the background level, we shall set all other fields (except for the membrane current) to zero. 
All this done, one is left with the flat space matrix string theory action, 

SFiat = ± J dadr Tr (^(X*) 2 + ^[X\ X*A , (69) 
supplemented by the Z)2-brane linear coupling, 

SD2-brane = — / d(7d,T C^\{X)I% VX . (70) 
Z7T J 

As to the D2-brane linear coupling, we shall focus our attention in the lowest order terms 
in the derivative expansion. In particular, we will not retain terms at order O = (jr) and 
above (this corresponds to two operator insertions and is the same order as the flat space 
matrix string action). In this case, the tensor couplings we need to consider are: 



IT = STr -X { [X j , X k ] - — P[X\ X*] - —X k [X\ X j ] , (71) 

V Q 9s Qg s Qg s J 

so that the D2-brane linear coupling term becomes, 
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i- J dadr C^ A (X)/r A = i- J dadr (3C oij (X)/f + Q ife (X)4 



-^-C, Jt (A').Y'[.Y', X k \ + 0(f)), (72) 

where we still have to expand C 0i j to first order in derivatives, C^(X) = C^ 2 (0) + 
(j L )X k dkC^j(0) H . Doing this and integrating the time derivative by parts, one obtains, 

^ J dadr ^ A (X)/f A = dadr ^- STr ((SbC iiJfe - 9 fc C 0u )X fc [X l , X^]) + • • • , (73) 

where we have further specialized for the particular case of time independent solutions, 
X 1 = 0. Any solutions we shall obtain will correspond to static backgrounds. Now, the 
D2-brane 3-form potential, C3, is related to the D2-brane 4-form field strength, F4, by the 
standard relation F4 = dCs, and so one simply has the expected gauge invariant coupling: 

i- J dadr C Mi/A (X)/r A = ^ / dadr J- STr (F 0ljk X k [X\ X*]) +■■■. (74) 

If we furthermore choose the D2-brane field strength as constant, F^jh = —IFe^ for 
i, j, k = 1,2, 3, and zero otherwise, we are led into a situation very similar to the DO-brane 
case of only now with F-strings. Indeed, the effective potential we have obtained for 
the static configuration of X fundamental strings is, 

V eff (X) = -± Tr [X\ X^ - ±- F oijk STr [X\ V}X k . (75) 
with the following equation for the extrema, 

[ [X\ X%X>\ - l -g s F Qijk [Xi , X k ] = 0. (76) 

The case of commuting matrices, [X*,X J ] = 0, is a solution with zero potential energy. 
This corresponds to the free string limit, i.e., it corresponds to a situation describing sep- 
arated, straight and static free strings. More interesting to us would be a noncommuting 
solution. Following H8L fH|, we consider the ansatz X % = (pa 1 , i = 1,2,3, where (p is a 



constant and a 1 are some X-dimensional matrix representation of the su(2) algebra, 

[a\ a j ] = 2ie ijk a k . (77) 

Using this ansatz in the equation for the extrema of the string effective potential, one im- 
mediately obtains that this is indeed a solution once we set the constant to be <p — \g s F. If 
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we moreover consider the a 1 as an irreducible representation, one computes the Casimir as 
Tr (cr*) 2 = |jV(iV 2 — 1), and so the nonabelian solution has an effective potential of, 

V NC = ~^N(N 2 - 1), (78) 

i.e., the noncommutative solution has an energy lower than the commuting one. This means 
of course that the configuration corresponding to separated static free strings is unstable, 
and the strings will actually condense into a noncommutative solution. This solution is 
the noncommutative sphere, with radius R = ^g s FN(l — as can be seen from the 

algebra (|77f) . So, in conclusion, the presence of an R-R field has condensed the initially free 
fundamental strings into a static noncommutative spherical configuration. Also, we should 
point out that this solution corresponds to a string theory derivation of the commutation 
relations for fundamental strings in the presence of R-R fields, proposed in p6 . 



This phenomena leads to an interesting question. In the D-brane situation, the Myers' 
effect [fil] tells us that an external R-R field can polarize a collection of D-branes into a 



noncommutative configuration. The noncommutativity is present at the world-volume level, 
such that there is a background commutative spacetime with a noncommutative object made 
out of many D-branes inside. In the situation described in this section we are dealing with 
F-strings. So, even though the situation seems quite analogous to the one of the brane 
system, one also needs to take into account the fact that the F-strings actually describe 
gravitons, and we are thus led to a situation where the R-R field is building a noncom- 
mutative object made out of many gravitons. Now, graviton states generally correspond to 
curved spacetimes, however describing small fluctuations such as gravitational waves with 
small amplitudes. If one wishes to describe large fluctuations one needs to consider states 
with a semiclassical behavior which would correspond to coherent states - where one would 
run into the mentioned problems concerning exponentiation of nonabelian couplings. 

The question still remains on how to interpret a noncommutative object made out of 
many gravitons, inside a background commutative spacetime. One speculative possibility is 
that this could actually correspond to a noncommutative background spacetime geometry. 
Indeed, one could imagine that if we put enough gravitons together, the noncommutative 
spherical configuration will grow up to a stage where its curvature is actually weak. Then, 
we would be in a position to expect that this large sphere would take up the role of the 
background spacetime, i.e., the R-R flux we considered would have created some sort of 
noncommutative background spacetime geometry. It would be quite interesting to further 
study more complex examples of such situations. 



8 Conclusions 

We have seen in this paper how to construct an action for matrix string theory in weakly 
curved background fields. In the process, we have also studied its relation to T and S 
dualities. Such an action provides working ground to study multiple interacting strings in 
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both NS-NS and R-R backgrounds. For the particular case of an R-R background, we have 
seen how fundamental strings can condense into a nonabelian configuration thus building a 
noncommutative stringy configuration. The action we derived also allows for some discussion 
on how background non-linear curvature terms will couple to the Matrix theory action in a 
general curved background. With all this in hand, we believe there are quite a few interesting 
lines for future research on this subject. We present some of these lines below. 

One possible application of the action we have obtained is to describe second quantized 
superstring theory in general backgrounds with R-R fields turned on. This is quite an 
interesting venue of work, given that there has been some recent interest in such ideas, e.g. 

Along these lines, one should also try to further understand the 
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possible background geometry noncommutativity due to the R-R flux, in particular it would 
be quite interesting if some connection to the work in [55] could be done. For this, it could 
be of some interest to complete further examples involving diverse background fields, in 
order to fully explore the nonabelian aspects of curved stringy spacetimes. This could be 
a first step towards the more ambitious goal of constructing fully curved noncommutative 
spacetime geometries from string theory. 

The resulting action from our work could also be of use in the study of diverse scattering 
or absorption problems, involving branes, black holes, or in the context of the AdS/CFT 
correspondence |56|, [57|, [58| . It would be quite interesting if some work along the lines in |59| 
could be accomplished. Probably, from the computation of scattering amplitudes, the role 
of the noncommutative vertex operators would then become more translucid (there has been 
some very recent work on vertex operators in pD| ). This would then be of some interest 
should it yield further insight on how one should exponentiate such operators, in order to 
obtain the full non-linear action. Indeed, one particularly interesting use of our work would 
be to further use this action in order to try to infer some new information about Matrix 
theory in a general curved background. This could perhaps be accomplished via a more 
detailed and direct comparison with the Type IIA string theory abelian limit. Some work 
towards such goal has been done in |L5], |44|, [|i 



66| , and one should try 



U 62, 



6. 



to understand any possible relations between those papers and the work presented in here. 
Probably one particularly important relation to understand is the one with the work in [B5|. 
In order to achieve these goals, some research should be done on understanding how to 
construct the precise lift of the matrix string theory action from the cylinder to arbitrary 
Riemann surfaces, and so establish the precise connection to the Green-Schwarz action along 
the lines of pi, |25|, j26|. We hope to address some of these questions in the future. 
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A Supercurrents from Matrix Theory 



We reproduce here the Matrix theory forms of the multipole moments of the 1 1-dimensional 
supercurrents found in |13|, |H| , written in 10-dimensional form as in |55| . Dropping a factor 
of 1/R from each expression, the stress tensor T IJ , M2-brane current J IJK and M5-brane 
current M IJKLMN have integrated (monopole) components: 



T++ = STr (1) = N 

T +i = -STr(F 0i ) 

T + - = STr(F°^F\ + ^F^F^ + l -QT°D Q) 

T ij = STriF^F^ + ^QT l D j Q + ^er j D i Q) 

T~ l = -STr (F Q »F^F ui + -F 0i F^F^ - -F fJiU QT i T' MU D Q 

4 8 

+-F^er°r^Ae - -F^err * r^e - -er 0/ii e er M e) 

8 4 8 ' 

T = ^STr (F^F^F lS F 5 » - ^F^F^F^ 6 + iF^F 1& QT u T^ D»0 + 0(Q 4 )) 

j+ij = _isTr(F ij ) 
6 

J + -' 1 = -STr (F° M F/ + ^er°A6 - ^QVDoQ) 

1 3? - i 

jijk _ _g'p r ( pOi pjk , pOjpki , ^Ofc cn.j _ _@pO[ij£)fc]Q _|_ _Qpyfc AO) 

6 V '4 4 ; 



l r _ ; I . / 

6' 



J~ ij = -STr (F^F^ v F uj + -F ij F^F^ - -F^OFF 1 " A© 



8 4 8 

M+-ijkl _ _g'J r (• piipkl pik plj pil pjk _ lQY^ ijk A'©) 

r. j 
j^-ijklm _ __cr£ y . f pO[i pjk plm] p[0iQY^ kl £) m lQ) 

4 v 2 ; ' 

Here, STr denotes a symmetrized trace in which one takes the average over all possible 
orderings of the matrices inside the trace, with commutators being treated as a unit block. 
Time derivatives are taken with respect to Minkowski time t. Indices run from 1 

through 9, while indices a,b,..., run from through 9. In these expressions one should 
use the definitions F^ = X % and Fij = i[X i ,X^]. A Matrix form for the transverse 5- 
brane current components M + ^ klm and M'^'™ is not known, and in fact comparison with 
supergravity suggests that these should be zero for any Matrix theory configuration. 

The higher multipole moments of these currents contain one set of terms which are 
found by including the matrices X hl , . . . , X kn into the symmetrized trace as well as more 
complicated spin contributions. We may write these as, 
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T U(ir-i k ) = Sym(T /J ;X ^ ^...,X^)+TS ■ n ^fc) 

M iJKLMN( iv ..i k) = S ym(M /JXLM ^;X i S...,X^) + M™ n fAr(il --- Jfc) , 
where some simple examples of the two-fermion contribution to the first moment terms are, 

i£2L = -^Tr(er^e) 

iSSta. = ^Tr(^97^ ] 9 + 9F lM 7^ 71 9) 

= ^^(^97^9 + 9^7^9) 
= -yj^STr (9F^™9) . 
The remaining two-fermion contributions to the first moments and some four-fermion terms 



are also determined by the results in ||14|| . There are also fermionic components of the 
supercurrent which couple to background fermion fields in the supergravity theory. These 
couplings have not been discussed in this paper, but the Matrix theory form of the currents 



is determined in [14 



Finally, there is also a 6-brane current appearing in Matrix theory related to nontrivial 
11-dimensional background metrics. The components of this current as well as its first 
moments are: 



S +ijklmn = -^STr (F {ij F kl F m 

g+ijkimn(p) _ — STr ^F[ijF k iF mn ]Xp — 9F[ k iF mn 'j pqr ]9 

S ijklmnp = ^STr (F [l3 F kl F mn X p] + 0{e\e A 

c<ijkimnp(q) _ —STr (^F^ F k iF mn XpiX q — 9 X[jF k iF mn ^ pqr ^9 + -9 F\ [ j k Fi m F np ') qr }9^j . 
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B DVV Reduction of Matrix Theory Tensors 

The Matrix stress tensor components are: 



T++ = -j-STr(l), 
rt 

T +i = isTr (Xi) , 

T+- = STr (^AVV, ^X V'..V^' • ^-' .V.^. 
T- = STr {^XiXj - ^^-[X\X k ][X k ,X j ] - ^^9Y[Xj,9] - ^^^-9^y j [X i ,9] S j , 
T-* = STr f^^(^) 2 - ^^E^'^'l 2 ~ ^f[X\X j ][X j ,X k }X k 

T- = ST¥( — (X*) 2 (X^ + ±^X^[^ 

AR 4ir 2 8n 2 

+^£f ^] x k ] \x\ x m ] [x m , x*] - tL^p. y\x\ £ [x k , x-f 

i<j k<m 

+0{9 2 ) + 0{9 4 )). (79) 

To these components, one should now perform the T-duality for the 9 — 11 flip, followed 
by the rescalings of world-sheet coordinates, background fields and coupling constants. The 
final result to obtain is the explicit form of the previous components of the stress tensor, 
this time in matrix string theory (with i,j ^ 9): 



T + - = ± I dadr STr i\x, 2 + \(DX'f + - ± Xf 

36 



+-6'y i [X i ,9]+ifry 9 De), 
9s 

I dadr STr (X;X 7 - DX l DX 3 - \\X\ X k ] [X k , X j ] 
2n J gj 

-^oy[x^-^[x,M 

±- ( dadr STr (g s X t A + -\X\X k ]DX k - l -9fD9 - -L# 7 9 [X^]), 
2n J g s 2 2g s 

Y J dadr STr (g 2 A 2 - (DX k f - iO-fDO) , 

h (?) / dadT STr (\*^ 2 + \ g2±iA2 - 4^ xk]2 + \^ {DX 

-\[X\X j ][X j ,X k ]X k - DX i DX h X k + i[X\X j ]DX j A 

92 

-l-6 a X k [X 3 , ^{7% + Y5 jk - 2^5 ki } a/3 - ^A9^[X U 9} + tX t 9 1 9 D9 

-UAeyDe - -^e a [x k , x^] \x l , e p ]{^ + 2^% ki + Ad^u 



-±-9 a DX k \X\ 9 P ]{^ + 7 [9jl feW + -^-°a[X k , X^DOpi-yVW + 2^% kl } t 
-iDX l 9D9 + - (y) (9~f [ki] 9 9^9 + 9^9 0-fO)), 



-—DX i [X i , X j ]Xi - -g s (DX l ) 2 A- —X l 9-f 9 [X i ,9] + A9-f i [X l ,9} 
9s 2 2g s 

- % -X^D9 - -^[X\xW 9ijk] [X k ,9] + ^-OaDX^X^edi-yM + 25 t ,U 
2 ^9 S ^9s 



+ l -DX l 9 1 ^D9 + I (y) 9^9 9f9), 



2 1 2\£j 

J dadr STr {\{X^{X^f + \g 2 s A\X^ + \g\A 



1 (R- : 



2tt 

+ \x i Xj[X\X k ][X k ,X j ] - 2iX i A[X i ,X k ]DX k + -g 2 A 2 (DX i ) 2 
9s 2 

+X*XWX l DX j + \(X i ) 2 Y J \X\X k } 2 - -(X*) 2 (M J ') 2 + -i 2 ^[^,^'] ; 
+ ^ 1 [X\X j ][X 3 ,X k }[X k ,X m ][X m ,X 1 } + ^I'M^lUI^^^'] 



A A Z — ^ L ^ L ' ' 9f7 2 

+e>(# 2 ) + £>(# 4 )). (80) 
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Finally, the free string limit can be taken. The result for the conformal field theory limit of 
the matrix string stress tensor is: 



limT +9 = 0, 



lim T+- = — / dadr STr (-A? + -(<9X*) 2 + iO^do] , 

Js^O Z7T J \2 2 / 

lim T ij ' = — [ dadr STr (XX- - dX*dX j ) , 

lim r 9 = — / cWr STr f--^^ , 

lim T" = y cWr STr (-(<9X*) 2 - ^ 7 9 <9#) , 

HmT- = ± (j ) J dadr STr (^(X,) 2 + ^X(dX^) 2 - dX l dX k X k 



+iX t 9-f 9 d9 - idX^dO + O ( ^ ) ), 



n r ~ 9 = s (!) STV + 5 8 ^» + ° (!)) • 

lim T- = f ^ / rfarfr STr (^(X*) 2 (XJ) 2 + X i XWX i dX j - \{X'f{dX ] f 
?s^o 27r Vc,/ J 4 2 



+^(dX i ) 2 (dX j ) 2 + <D(6 2 ) + <D(6 4 )). (81) 

The next terms we look at are the zeroth moments of the components of the Matrix 
membrane current. These components are: 

J +i3 = -^fSTr ([X\X^]), 

J-* = STr - ^e[X\B] + §^W[X*,*|) , 

J ijk = -STr f^^[X^X fe ] + ^X^[X^X ^ ] + ^X^X^XV^^[X^]V 

y 127T 127T 127T 9071^ / 

J"" = STV(^X ^ X fc [X^X J ]-^M fc [X^X ^ ]-^(X fc ) 2 [X^X^ 

127T 127T 247T 

/;,, ^[x\x^[x fc ,x'] 2 - ^^[xSa;*]^^^ 1 ,^]) 



96vr 3 ' J f^ L ' ! 48tt 3 
RM b P 



96tt 2 



STr (# Q X fc [X m , fy]) { 7 ^ m] + 7 [jm] fe - 7 M <^ + 25 jm 5 ki - 25 im 5 kj U 
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7 ff 2 

+ STr (0 a [A* 0,]) W^5 mi - ^ k H m] + 2^5 km + 2 7 ^^ m 

-2-f l 5 ik 5 jm + 2^ J 5 a 8 km - 2>y l Sjihm}ap 

i f? 2 A/f ^ 

+ ^7T7^STr 7 fc - 7 M0 00) . (82) 

To these components we now perform the T-duality for the 9 — 11 flip, followed by the 
rescalings of world-sheet coordinates, background fields and coupling constants. One obtains 
the explicit form of the previous components of the membrane current, in matrix string theory 
(with i, j, k 7^ 9): 

J" = i(|)/^STr(-i^), 

J+- = ^/^ STr^.V'..V-.V, •i / ,.i/;.v' ±0X,0 

+ T ^-9^[X k ,9] + ^9^D9), 

J+- 9 = — ( dadr STr [ --X*DX l - -9D9 + —9-f [l9] \X\ 9]) , 
2ix J \ 6 6 12g s J 

J ljk = — [ dadr STr ( — -XW, X k ] - —Xi\X k , X 1 ] - —X k \X\ X ] ] 
2tt J Qg s 6g s 6g s 

+^-9 1 ^ kl \X l ,9] + ^9 1 ^D9), 

J lj9 = — ( dadr STr (~X i DX j + \±WX i - -A[X\ X j ] + —9^ lj9l \X u 9}) , 
2tc J \ 6 6 6 12g s / 



j-ij = 



— (-) f dadr STr(— X'X k [X k ,X^] - —XiX k [X k ,X l ] - ^-AX i DX j 
2n \£ S J J 6g s 6g s 6 

•|.i.V'7;.v - -^—(x k ) 2 [x\x j ] - ^g s A 2 [x\xi] - ^ 3 [x\xi\Y:[x k ,xf 

+—[X\Xi](DX k ) 2 - ^ 1 [X i ,X k ][X k ,X l ][X l ,X j ] - —DX l DX k [X k ,X 3 } 
12g s 6g s 6g s 

+^-DXWX k [X k , X 1 } + -L-9 a X k [X m , ^]{ 7 ^ m l + ^ m \ t - ^5 kj 
~\~25j m 5 k i 2Si m S k j }a/3 

+±Ae^[x m , 9] + ^e a x k D9^ k ^ + ^5 kt - ^ 9 %u 

+-^9 a [X k , X 1 ] [X m , 9 p ]{^S mi - ^8 mj + 2 7 ^4 m + 2^6 jk 6 im 
-2>y l 5 ik 5 jm + 2^5 a 5 km - 2f5 jl 5 km } al3 
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^9s 



Is 



- l -6 a DX l D9 p {^ + -fSu - YSjiU 

+— (-) (07^0 7 fe + 7 ^0 9^9 - 7 ^0 99 
12 V Eg J 

J~ t9 = — (^) f dadr STr(-X*X k DX k - -AX k [X k ,X l ] + —g 2 s A 2 DX l 
2ir \£ S J J 6 6 12 

- — (X k fDX l l —DX l Y\X k ,X l f - —DX\DX k f 

12 I2g s k<l 12 

-L [X\ X k ] [X k , X l ]DX l + -^9 a X k [X m , 9^ mm ^ + 7 [9m] 5fci}a4 



-li0 Q [X-, /3 ]{ 7 ^] + 25 im } Q/3 + % -X*ODO - ^A9^D9 
+-^9 a [X k , X 1 ] [X m , 9p]{^ k % mi + 2^5 km + 2 7 9 <f a 

— l —DX k 9 1 k [X\9] - —DX k 9Y[X k ,9] 
2Qs 2g s 

+-^9 a [X k , X l ]D9 {^ + 2 7 ^ fc } Q/3 - iDXW^DB 
i (R 



+— (y) (9^9 7 *0 - 07^0 00)). (83) 

The free string limit can now be taken. The result for the conformal field theory limit of the 
matrix string membrane current is: 



lim J +ij = 0, 



lim J +l9 = —l-±)f dadr STr (-\dX i 
9s^o 2tt \Rj J V 6 

lim J + ~ l = — [ dadr STr ( —9^89] , 
g s ^o 2tt J V12 ' / 

lim J+" 9 = — ( dadr STr ( —X^X* - -989] , 
j.-o 2tt J V 6 6 / 

limJ* = J dadr STr ^0 7 fo7c9] 90) , 

lim J ijg = — [ dadr STr ( --X i 8X j + -XWX*) , 
ss-o 2ti J V 6 6 / ' 

lim J"« = ^ ) / dtrdr STr {l-B a Xm p {^ + - 7 [ *% W 

- l -9 a dx l 89p{^ + y«j a - 7 ^ 7 } a/3 + (^)), 

lim J" 19 = —(^)f dadr STr (ix*X fc <9X fe - —(X^fdX* - —dXHdX*) 2 
gs^o 2tt \LJ J 6 12 v ; 12 v ; 
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+ l -X i 9d9 -idX l 9 1 9 d9 + o(j-\). (84) 

Next, we look at the zeroth moments of the components of the Matrix 5-brane current. 
Explicitly, these components are: 



M +~i 3 kl = STt (_^^[ X i >X i][ X fc jX i]_^^[ X i jX fc][ X J jX j] 

M -«fcim = STr (_^^P x [H^' ,X k ][X l ,X m ^]- ^f0X^ jkl [X m \9] 
y 16tt 2 l jl j 48tt 2 l 1 

-^^^^V^I*",*])- (85) 

To these components one now performs the T-duality for the 9 — 11 flip, followed by the 
rescalings of world-sheet coordinates, background fields and coupling constants. We then 
obtain the explicit form of the previous components of the matrix string theory 5-brane 
current (with fc,l,m/9): 

M + "^ = ^JdadTSTv{-^ 2 [X\Xi][X\X l ]-^[X\X k ][X\Xi] 



12<?r " 12<7. 

L -\X\ X l ][X j , X k ] + -t-9^ M [X l] ,9]), 



s 



M + -^ kg = — f dadr STY (— DX k [X\ X ] ] - —DX j [X\ X k ] + — DX l [X j , X 
2n J 2g s 2g s 2g s 

^U^DO - — (O^IX^, 9} + e-yW\i[x k \9] + 9 1 ^[X 1 \ 9])), 

M -ijkim = —f^\fdadTSTr( — ^X [i [X j , X k ][X l , X m] ] - — 9X [ y kl [X m] , 9] 
2tt \£ S J J Ag s Qg s 

5? 5 

;9[X^\X j }7 klm ^ n [X n ,9} + 9[X [ \X j ] 1 klm] 1 9 D9), 



\2gl I2g s 
M~ ijkm = ^(^\ J dadrSTr(-X^[X\X k }DX 1 ^ + ^-A[X^\X j }[X\X k ^} 

5? 5 5 

--9X l y kl] D9 + -A9 1 [ijl [X k \ 9] + —9X [t ^ kl [X' ] ,9] 
Q Q 2 

; 9[X^ i ,X j } 1 kl ^ 1 n [X n ,9} + — 9[X^ i ,X j ] 1 k W 1 9 D9 



5 5? 

9DX^ jlk ^ n [X n ,9] 9DX [i -f jlk] -f 9 D9). (86) 

('//> 6 

One can now take the free string limit. The result for the conformal field theory limit of the 
matrix string 5-brane current is: 
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lim M + ~ ijkl = 0, 



lim M + -' tjkg = — [ dadr STr ( -fry^de) , 



lim M"^ m = 0, 



kM-^ = 1- J dadr STr ^9X^89-^98X^^89^. (87) 



m .\/ '' — | 

Finally, we look at are the zeroth moments of the components of the Matrix 6-brane 
current (related to nontrivial 11-dimensional background metrics), which are given explicitly 
by: 

s+ ijkimn = _ m IV ' p STr ([X^,X j ][X k ,X l ][X m ,X^]) , 
87H v > 

gijkimnp = STr ./ -^[X^ , X j ][X k , X l }[X m , X n ]X^ + <D(9 2 , 9 4 ) \ . (88) 

To these components we now perform T-duality for the 9—11 flip, followed by the rescal- 
ings of world-sheet coordinates, background fields and coupling constants. We obtain the 
explicit form of the previous components of the matrix string theory 6-brane current (with 
i,j,k,l,m,n^ 9): 



S + ^ klmn = — (^jjdadr STr ^-^[X [i ,X 1 }[X k ,X l }[X m ,X n] ]j , 

s+ij kim9 = J_ fR\f dadr STr (-^[xi\x j ][x k ,x l ]Dx m n , 

2vr \i s J J \ 9s ) 

S^ klmn P = -L (^j J dadr STr (^-^[X^,X j }[X k ,X l }[X m ,X n ]X^ + 0(9 2 ,9 4 )^ , 

S ljklrnn9 = ^-(f) 2 f dadr STr(-^[X^ l ,X'][X k ,X l ][X m ,X n] ]A 
42 

— -DX [ 3}[X k ,X l }[X m ,X n] }X t] + <D(9 2 ,9 A )). (89) 

//; 

One can now take the free string limit. The result for the conformal field theory limit of the 
matrix string 6-brane current is: 

lim S +ljklmn = 0, 

lim S +ijklm9 = 0, 

lim S ijklmnp = 0, 

lim S ijklmn9 = 0. (90) 
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